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A B S T R A C T
Various methods are existing to fabricate the meso and micro size
fractals in the field of engineering. Viscous fingering also termed as
Saffman Taylor instabilities is used in this research to get meso and
micro fractals. Viscous fingering is obtained by allowing low viscous
fluid to penetrate into high viscous fluid which is placed between two
flat parallel plates separated by a small gap while lifting one plate in
the z-direction away from another plate. The fluid flow between these
two flat parallel plates is known as Hele-Shaw flow. The physics of
fluid flow in Hele-Shaw cell & controlling factors for the development
of viscous fingering are studied in this paper. The various controlling
factors identified are the velocity of moving the plate, a gap between
the plates, fluid quantity and fluid property: kinematic viscosity. A
number of experiments were conducted with the identified controlling
factor and the effect of these parameters on the shielding distance and
radius of the circular plane were studied and analyzed. The
mathematical model is developed using mathematics and fluid flow
concept, which is responsible for the formation of micro fractals under
various levels of control parameters. This mathematical model will help
to find different attributes associated with micro fractals and to predict
the pattern of viscous fingering. The fluid quantity and Reynolds
number are supervising factors of a model.

Keywords: Saffman Taylor Instability; Hele Shaw flow; micro
fractals; Mathematical modelling.

1. Introduction
The flow of fluids in a porous medium is a very important
and interesting topic to study. This is interesting because
of fluid flow exhibit various kinds of flow regime. These
regimes are dependent on fluid surface interaction and
properties of the fluid such as surface tension and
viscosity. The shear gradient is also one of the important

aspects to play in the developing fluid flow path regime.
Modeling of such flow path regime is one of the
challenging task due to multiple phenomenon governing
the flow path development. The flow in the porous
medium is governed by Darcy’s law. Darcy's law is a
phenomenological derived constitutive equation based
on the experimental result. Darcy law is applicable to the
Hele-Shaw cell (which is analogous to flow in a porous
medium) [1]. The Darcy law for Hele Shaw cell for a
Newtonian fluid is given by
k
(1)
u=− ∇p
µ

where u is the velocity of flow, k is the permeability of
porous medium, μ kinematic viscosity, and ∇p dynamic
pressure.
If k=b2/12 then (where b is gap width between two plates)
[2].
b2
(2)
u= − ∇p
12
The Darcy’s law modified for non-Newtonian fluid is
given below [3].
(3)
b2
u= −
∇ p,
∇. u = 0
|u|2
12µ ( 2 )
b
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If the fluid is assumed as incompressible (∇.u=0), which
reduces Darcy law to Laplacian equation [2] for the pressure
in both fluids.
(4)
∇2 p=0
Hele-Shaw cell consists of two flat plates separated by a
small distance in the z-direction. The dimension of plates in
x and y-direction is much larger than z-direction. Out of these
two plates, one plate is kept fixed and another plate can move
in z-direction away from another plate or inclined to another
plate. The Hele-Shaw cell is as shown in figure 1.
In the Hele-Shaw cell, a high viscous fluid is compressed by
the pressing two plates together. A Low viscous fluid (in most
cases air) is allowed to enter radially inwards by separating
plates apart. Separation of plates create instability at the
interface of fluids and developing micro fractals on both
plates [see figure 2]. Microfracatals formed (also called
viscous fingering) are the mirror image of each other. Here it
is to be noted that, the fractal of high viscous fluid is seen on
the bottom plate. These fractals are long wall type peaks. On
the other hand mirror image of the same (long valley type
path) is observed on the opposite plate. Actually, these
valleys depict the path traced by the low viscosity fluid while
separation.

Figure 1(a): Schematic diagram of Hele Shaw Cell

Figure 1(b): Micro Fractal Pattern

Figure 2: Viscous fingering in a Hele-shaw cell
Many researchers [3-15] have presented parameter based
modified theory for Hele-Shaw cell to analyze fluid flow
pattern. Out of these parameters, Inertia and viscous force are
important parameters which play a vital role in the process of
fingering formation. Because of these, Reynolds number is
also important while analyzing the viscous fingering in HeleShaw cell as it is the ratio of inertia to viscous force. When
high viscous fluid is used as compressing fluid , in that case,
inertia force may be neglected, leading to very small
Reynolds number (Re << 1). But in the case of dilute polymer
solution whose viscosity is close to water, inertia force will
become an utmost important factor which leads to Reynolds
number more than unity [4]. Inertia force is also responsible
for finger width. The finger width can increase with
increasing fluid separation velocity. Many researchers [5-7]
have neglected the viscosity of displacing fluid which causes
the distribution of uniform pressure from all direction. By
neglecting the viscosity of displacing fluid, a single
parameter , the modified capillary number can help to
determine finger shape and morphology.
𝑈𝜇 𝑤 2
(5)
𝐶𝑎′ = −
( )
𝜎 𝑏
Where σ is interfacial tension, U is the velocity of the finger,
b the cell thickness, µ the viscosity of the displaced fluid, w
the half Hele-Shaw cell width.
Studies [8-12] has simulated numerically the viscous
fingering in the Hele-Shaw cell. In the process of fingering
formation, gas bubble may get trapped between the HeleShaw cell [8]. A study investigated the Saffman-Taylor
instability of a gas bubble expanding into a shear thinning
liquid in a radial Hele-Shaw cell. Shear thinning is a
characteristic of non-Newtonian fluids whose viscosity
decreases with increasing shear stress. A correction factor
was introduced in Newtonian instability of an expanding
bubble in a radial cell for a weakly shear-thinning liquid.
Simulation result has cleared that shear thinning liquid
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significantly controlled the viscous fingering. It prevents
fingering from tip splitting [9]. The behavior of fingering viz;
Shielding ( one finger grows more in length by overpowering
another finger) , spreading , splitting (side branching) and
the effect of shear- thinning viscosity qualitatively predicted
by simulating viscous fingering using FEM and VOF
method. In fact, numerical simulation is an effective
approach to study the behavior of fingering [10]. A study [11]
derived the exact analytic solution of fingering structure with
and without considering the surface tension. This exact
solution gives an idea about the cusp formation and bubble
fission in the viscous fingering formation process. The effect
of surface tension was explored numerically on the bubble
evolution and it was found that in the absence of surface
tension it undergoes fission leading to the formation of two
bubbles. A study [12] simulates numerically viscous
fingering instabilities at high mobility-ratios. A mobilityratio is defined as the ratio of the viscosity of the displaced
fluid to the displacing fluid, which is considered as one of the
factor in a study to investigate viscous fingering instability.
Results of the numerical simulation showed that at high
mobility ratio, mechanism of side branching, alternating sidebranching, single-sided tip-splitting, double coalescence, and
gradual coalescence and trailing lobe detachment dominant
over the classical mechanism of viscous fingering.

modelling. The formed micro fractals are the resemblance of
a Cayley tree up to three generations. Geometrical attributes
like shielding distance, width of fingering, radius of a circular
plane are defined and measured to quantify fractals
formation. Shielding distance ‘rn’ is the distance between two
consecutive nodes of the branch (in mm) of formed fractals,
‘R’ is a radius of a circular plane of fluid and ‘w’ is the width
of fluid.[ see figure. 3 (f)]. This model has three generations,
therefore three shielding distance r1, r2, r3, and three width w1,
w2, w3, are measured.
The effect of various process parameters viz: fluid separation
velocity, gap width and quantity of fluid on

Although, the behavior of the fingering, mechanism of
fingering has been presented by researchers with the help of
experimental, analytical and numerical simulation, but the
exhaustive characterization of the process is still not
presented considering various other parameters of the
process. Influence of process parameters viz: quantity of
fluid, a velocity of moving plate and gap between two plates
are not yet studied and captured in the model exclusively.
This paper presents an empirical model to capture formation
and a fluid flow path of viscous fingering.

2. Methodology
2.1 Experimental characterization

Figure 3. Final Formed Fractal Structures

The experiments are designed to study the effect of various
parameters on the fractals formation. The three important
parameters are considered for experimentation viz: quantity
of fluid, gap between two plates and fluid separation velocity.
These three identified factors are considered for design of
experiments as shown in Table 1. Experiments were
conducted in the combination of different levels for the
characterization of the fractals. Micro fractals obtained from
these experiments are studied and analyzed for mathematical

(b) Q=1.2 ml, V=1.5 mm/min , b=0.2 mm

(a) Q= 1.2 ml , V=2 mm/min , b=0.3 mm

(c) Q = 1 ml, V = 1.3 mm/min, b = 0.2 mm
(d) Q = 1.2 ml, V = 1 mm/min b = 0.1 mm
(e) Q = 1 ml, V = 1.5 mm/min , b = 0.1 mm
(f) Micro fractal with geometrical attributes
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Table 1: Design of experiments for the experimental
characterization of the resin under Hele Shaw cell
Process Parameter
Separation velocity
(mm/min)
Gap Width (mm)
Quantity of fluid (ml)

Levels
1
0.1
0.8

1.3
0.2
1

1.5
0.3
1.2

viscous fingering is shown in figure 3. Formation of
fractals depends upon the above mentioned parameters. For
a large range of separation gap and separation velocity there
is no formation of fractal which is shown in figure 3 (a) and
(b). Lifting velocity and the gap width plays a vital role in
finger formation. As the gap width goes on decreasing up to
a certain limit, more fractals will form [see figure 3 (c) and
(e)]. In fact to get the developed fingering pattern gap width
should be kept minimum. When the gap width is higher, the
fluid will not get fully compressed and hence the creep
formation of fingering desired at the periphery of fluid will
not initiate. Variation in the lifting velocity affects shielding
distance r3. Other than these two parameters the effect of
quantity of fluid on viscous fingering is remarkable. The
number of fingers and size of a pattern increases with fluid
quantity as shown in figure 3 (c) and (d). But more fluid
quantity beyond considered range is unable to form a pattern,
it will just form fluid bob without any fractal formation.

2.2 Mathematical model
A mathematical model is presented in this paper is based on
this analysis. Model is expressed in terms of shielding
distance (rn), Reynolds number (Re) and quantity of fluid (Q).
Reynolds number is the ratio of the product of gap width and
fluid separation velocity to the kinematic viscosity. Surface
tension is considered a constant while defining model.
Shielding distances (rn), a radius of fingering pattern and
numbers of fingers are the output of this model. The different
correlations obtained are given in Equations (6) to (8).
𝑟𝑛 = 𝐴1 + 𝐵1 𝑅𝑒 + 𝐶1 𝑄 + 𝐷1 𝑅𝑒 2 + 𝐸1 𝑅𝑒 𝑄
+ 𝐹1 𝑅𝑒 3 + 𝐺1 𝑅𝑒 2 𝑄
2

𝑅= 𝐴2 + 𝐵2 𝑅𝑒 + 𝐶2 𝑄 + 𝐷2 𝑅𝑒 + 𝐸2 𝑅𝑒 𝑄
+ 𝐹2 𝑅𝑒 3 + 𝐺2 𝑅𝑒 2 𝑄
N= 𝐴3 + 𝐵3 𝑅𝑒 + 𝐶3 𝑄 + 𝐷3 𝑅𝑒 2 + 𝐸3 𝑅𝑒 𝑄 + 𝐹3 𝑄2
+ 𝐺3 𝑅𝑒 3 + 𝐻3 𝑅𝑒 2 𝑄 + 𝐼3 𝑅𝑒 𝑄2
+ 𝐽3 𝑅𝑒 4 + 𝐾3 𝑅𝑒 3 𝑄 + 𝐿3 𝑅𝑒 2 𝑄2

(6)

(7)
(8)

Where 𝐴1, 𝐴2, 𝐵1, 𝐵2….. are constants.
The presented model is accurate up to 85 %. The model values
obtained are within considerable limit. This model can be
used to find out the pattern of the viscous fingering. Fluid
properties viz. kinematic viscosity, surface tension are the
important parameters for the growth of fingering. In the
derived model, only kinematic viscosity is considered. Hence
this model is biased to kinematic viscosity. Kinematic
viscosity, gap width, fluid separation velocity and fluid
quantity these input parameters are considered to define the
model. The different correlations found out from the
experiments are given in Equations (9) to (13), shown below.
𝑟1 = 0.06563 + 1.076 𝑒 + 07 𝑅𝑒 + 3.288 𝑒
+ 06 𝑄 − 1.235𝑒 + 13 𝑅𝑒 2
− 6.739𝑒 + 12 𝑅𝑒 𝑄
+ 3.718𝑒 + 18 𝑅𝑒 3 + 4.286𝑒
+ 18 𝑅𝑒 2 𝑄

(9)

𝑟2 = 9.931 + 2.246𝑒 + 07𝑅𝑒 + 1.831𝑒 + 07𝑄
− 2.872𝑒 + 12 𝑅𝑒 2 − 3.489𝑒
+ 13 𝑅𝑒 𝑄 − 5.368𝑒 + 18 𝑅𝑒 3
+ 1.708𝑒 + 19 𝑅𝑒 2 𝑄
𝑟3 = 0.06563 + 1.076 𝑒 + 07 𝑅𝑒 + 3.288 𝑒
+ 06 𝑄 − 1.235𝑒 + 13 𝑅𝑒 2
− 6.739𝑒 + 12 𝑅𝑒 𝑄 + 3.718𝑒
+ 18 𝑅𝑒 3 + 4.286𝑒 + 18 𝑅𝑒 2 𝑄

(10)

𝑅= 0.2101 + 4.863𝑒 + 07 𝑅𝑒 + 3.587𝑒 + 06𝑄
− 7.004𝑒 + 13𝑅𝑒 2 + 1.421𝑒
+ 13 𝑅𝑒 𝑄 + 2.464𝑒 + 19𝑅𝑒 3
− 3.424𝑒 + 18𝑅𝑒 2 𝑄

(12)

N= − 3559 + 1.071 𝑒 + 10 𝑅𝑒 + 5.131 𝑒
+ 09𝑄 − 1.226 𝑒 + 16𝑅𝑒 2
− 9.95 𝑒 + 15𝑅𝑒 𝑄 − 2.808 𝑒
+ 15𝑄2 + 7.54 𝑒 + 21𝑅𝑒 3
+ 3.615𝑒 + 21𝑅𝑒 2 𝑄 + 5.81𝑒
+ 21𝑅𝑒 𝑄2 − 2.084𝑒 + 27𝑅𝑒 4
+ 6.255𝑒 + 26 𝑅𝑒 3 𝑄 + −2.73𝑒
+ 27𝑅𝑒 2 𝑄2

(13)

(11)

3. Results and Discussion
The effect of process parameters viz: velocity of moving the
plate, a gap between the plates, fluid quantity and fluid
property: kinematic viscosity on the viscous fingering is
studied. The derived attributes of the viscous fingering pattern
from the model are compared with the experimental values.
The results obtained from the experiments are studied and
analyzed.
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Figure 4 and 5 are the representation of the effect of gap width
on the shielding distance ( rn) and radius of circular plane (R)
respectively. The graphs are linear in nature. The shielding
distance and radius of a circular plane are inversely
proportional to the gap width. At a lower value of gap width
the shielding distances and radius are clear and distinct.
Shielding distance and radius decreases with increasing value
of gap width. But this will happen within a certain limit,
beyond that limit the fingering pattern will not get formed.
Hence minimum gap width is essential to get the fully
developed fingering pattern.

Figure 6: Effect of Fluid Quantity on Radius of circular
plane

The model values of shielding distance are closed to the
experimental value. The shielding distances r1 and r2 obtained
from the model are almost identical with the experimental
value. But in case of shielding distance r 3, the error is more
compared to the r1 and r2. It is because of surface tension is
not taken into consideration. It is assumed as constant.
Model for a radius of a circular plane seems to be accurate, as
the experimental and model values are equivalent to each
other.
Figure 7: Effect of Fluid Quantity on Shielding distance
Figure 6 and 7 shows the effect of fluid quantity on the radius
of a circular plane (R) and shielding distance ( rn) respectively.
It is quite obvious that more quantity of fluid gives a bigger
size of compressed fluid. Hence radius of a

Figure 8: Effect of velocity on Shielding distance.
Figure 4: Effect of Gap Width on Shielding distance

circular plane linearly increases with increasing fluid
quantity. The defined mathematical model seems to be very
accurate with the experimental value as shown in figure 6.

Figure 5: Effect of Gap Width on Radius of circular

Shielding distance r1 and r2 is linearly proportional to fluid
quantity like radius (R). But shielding distance r3 increases
with increasing fluid quantity up to certain limit, beyond that
r3 keeps on decreases. A mathematical model gives the
accurate values of r1 and r2 with minimum error. But the
difference between the model value and experimental values
of r3 is more compared to r1 and r2.
Figure 8 shows the transformation of shielding distance with
respect to lifting velocity. From the figure it is seen that
shielding distance r1 and r2 are almost constant with change in
velocity. But r3 is continuously varying according to velocity
because r3 is the first shielding distance which initiates due to
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the lifting of an upper plate. When the upper plate of the HeleShaw cell starts moving away from the lower plate with a
certain velocity, air starts entering radially from the outer
periphery of the circular plate. And this entered air initiates
the formation of fingering. Hence the speed of the entering air
has major importance in the formation of r 3 as compared to r1
and r2, as these shielding distances are the innermost part of
the fingering. The r1 and r2 derived from the model and the
experiments are nearly similar in values. But again the model
value of r3 is different from the experimental values.
The velocity of an upper plate does not affect the radius of a
circular plane, as the upper plate moves after the compression
of the high viscous fluid.
4. Conclusion
In this paper, we have experimentally studied the fluid flow
in a Hele-Shaw cell and the controlling factor for the
development of viscous fingering. A Darcy’s law was stated
and explained for Newtonian and non- Newtonian fluid. We
identified the process parameters viz. fluid separation
velocity, gap width, fluid quantity, and kinematic viscosity
and their levels to study and analysis viscous fingering in
lifting plate Hele-Shaw cell. We studied exclusive micro
fractals formation resulting from various levels of process
parameters using mathematics and fluid flow concept to
develop a mathematical model. A mathematical model was
developed to know the values of shielding distances, a radius
of circular plane, and the number of fingers. The fluid quantity
and Reynolds number are the supervising factors of the
model. The effect of process parameters on shielding
distances and the radius of a circular plane was studied. The
gap width is inversely proportional to the shielding distances
and radius. Hence to get the distinct structure, gap width
should be minimum. The radius of a circular plane and
shielding distances is linearly varying with the fluid quantity
and shows a little variation with respect to velocity.
The parameters obtained from the developed model are
matching with the experimental values. But in case of
shielding distances r3 the model shows the variation with
respect to the experimental values. As the upper plate of HeleShaw cell moves in the upward direction and low viscous
fluid: air comes in direct contact with the high viscous fluid
the shielding distance r3 forms simultaneously. A speed of the
air penetrating the high viscous fluid is also an important
factor in fingering formation and fingering formation starts
with the initiation of shielding distance r3. Hence there is
variation in the experimental and model values of r 3.
The effect of the process parameters on the process of
fingering formation was studied through this paper. The
developed model is accurate up to 85 % with the experimental
values and it can be used to predict the pattern of viscous
fingering.
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